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ABSTRACT
The galactic scale challenges of dark matter such as ”missing satellite” problem and
”too big to fail” problem are the main caveats of standard model of cosmology. These
challenges could be solved either by implementing the complicated baryonic physics or
it could be considered as an indication to a new physics beyond the standard model of
cosmology. The modification of collisionless dark matter models or the standard initial
conditions are two promising venues for study. In this work, we investigate the effects
of the deviations from scale invariant initial curvature power spectrum on number
density of dark matter halos. We develop the non-Markov extension of the excursion
set theory to calculate the number density of dark matter substructures and dark
matter halo progenitor mass distribution. We show that the plausible solution to ”too
big to fail” problem could be obtained by a Gaussian excess in initial power in the
scales of k∗ ∼ 3h/Mpc that is related to the mass scale of M∗ ∼ 1011M⊙. We show that
this deviation leads to the decrement of dark matter sub-halos in galactic scale, which
is consistent with the current status of the non-linear power spectrum. Our proposal
also has a prediction that the number density of Milky way type galaxies must be
higher than the standard case.
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1 INTRODUCTION
The standard model of cosmology is well established with the
observations of the cosmic microwave background (CMB)
Aghanim et al. (2018) and the late time large scale structure
(LSS) Alam et al. (2017). Despite the many successes of the
standard model, there are couple of challenges for the vanilla
model, such as the Hubble constant tension Freedman (2018)
the σ8 tension Ko¨hlinger et al. (2007) and galactic scale
challenges of dark matter Boylan-Kolchin et al. (2017). Each
of these tensions can help us to understand the standard
model of cosmology ΛCDM better or can lead to a dramatic
change in our understanding of the Universe. The galactic
scale challenges, which are the main focus of this work, are
mainly categorized as core-cusp problem, missing satellite
problem Klypin et al. (1999); Moore et al. (1999) and Too-
Big-To-Fail (TBTF) problem Boylan-Kolchin et al. (2011).
These challenges are all appeared in scales smaller than
∼ 1Mpc and in mass ranges smaller than ∼ 1011M⊙ . These
tensions are appeared in the comparison of the observational
data with N-body simulation designed to probe the dark
matter halos with the standard ΛCDM model Springel et al.
(2008); Wang et al. (2012); Vogelsberger et al. (2014) The
study of the local group small galaxies which can be done
⋆ baghram@sharif.edu
by a great detail with upcoming future surveys is an op-
portunity to address the small scale challenges of cold dark
matter (CDM) paradigm and test the fundamental theo-
ries in cosmology. In CDM scenario, we anticipate to have a
cusp-like density profile, many galactic satellites and more
massive satellites in the host halo of the Milky Way and An-
dromeda. However, the observations contradict with stan-
dard predictions. The small scale challenges of dark matter
introduce a new arena for the birth of the alternative models
of dark matter beyond the collisionless CDM paradigm. As
an example to the alternatives of CDM , we can mention
the Warm Dark Matter (WDM) models Bode et al. (2001),
Self Interacting Dark Matters (SIDM) models Tulin & Yu
(2018) and Fuzzy Dark Matter (FDM) models Hui et al.
(2017); Maleki et al. (2019). Also these challenges bring new
observational ideas to find the dark matter sub-halos in
small scales Baghram et. al. (2011); Erickcek & Law (2011);
Rahavr et al. (2014); Asadi et al. (2017). It should be noted
that many baryonic physics solutions are suggested for solv-
ing the missing satellite problem and the core-cusp problem
Wetzel et al. (2016).
In this work, we introduce a novel point of view to address
the galactic scale challenges of CDM, such as TBTF problem
and missing satellite problem. We assert that the modifica-
tion to the standard picture of early universe initial con-
dition can be a plausible solution. In the standard infla-
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tionary paradigm, we assume a nearly scale invariant, adi-
abatic, isotropic and nearly Gaussian statistics for the cur-
vature perturbations Baumann (2009). Any deviation from
the standard characteristics which is mentioned above can
be considered as a new window to investigate the physics
of the early universe. We show the modification of initial
condition (I.C.) would affect the late time LSS observa-
tions. The idea of using the large scale structure observa-
tions as a probe of early universe physics is studied vastly
in literature Elgaroy et al. (2002); Baghram et. al. (2013);
Baghram et al. (2014); Namjoo et al. (2014); Hassani et al.
(2016); Fard & Baghram (2018). It should be noted that
there are alternative approaches such as the running of
the spectral index Garrison-Kimmel et al. (2014); Leo et al.
(2018) or suppression of matter power spectrum in small
scales Nakama et al. (2017).
The main idea of this work is to introduce a deviation
from the standard scale invariant power spectrum to rec-
oncile a tension in late time universe in small scales. We
should note that the initial power spectrum corresponding
to the wavenumbers related to scales of (∼ 104 Mpc), al-
most the horizon size today, down to (∼ 10 Mpc), corre-
sponding to angular resolution of Planck satellite, is well
constraint by CMB temperature fluctuation angular power
spectrum Aghanim et al. (2018). Also, it must be noted that
the LSS observations such as weak gravitational lensing
Camacho et al. (2019), galaxy distribution Percival et al.
(2010) and the Ly-alpha observation constrain the power
spectrum even to smaller scales up to k ≃ 1h/Mpc.
However, going further to more smaller scales to the
wavenumbers k & 1 − 10 h/Mpc (sub-galactic scales) and
even further, the initial power spectrum is not constrained
by cosmological or astrophysical observation. This situation
is true for smaller scale (up to k ∼ 1023h/Mpc or more)
there is not well and strict observational constraints. How-
ever, there are some theoretical ideas to study the small scale
power spectrum, from non-detection of ultra-compact mini
halos (UCMH) Bringmann et al. (2012), primordial black
holes (PBH) Emami et al. (2018) and evaporation of PBH
Dalianis (2019). We should mention the ideas of using grav-
itational wave (non)detection in small scales Inomata et al.
(2019)and also the observation of the CMB spectral dis-
tortion Salopek et al. (2017) which are used to study sub-
galactic scale of initial power spectrum.
The situation works as a hint for us that there could be a pos-
sibility for deviation from scale invariance of power spectrum
in smaller scales which will have some effects on distribu-
tion of matter in sub-galactic scales. Accordingly, we propose
to add a Gaussian power excess to initial curvature power
spectrum in scale corresponding to k ∼ 3h/Mpc which is re-
lated to the mass scale of 1011M⊙ . We use a Gaussian shape
toy model for initial curvature power spectrum. Although,
this power excess could be a generic feature of inflation-
ary models. Actually, many inflation models predict excess
power in small scales. For instance, deviation from invariant
initial power could be made through different inflationary
potential models Salopek et al. (1989); Starobinsky et al.
(1992), multiple inflationary field Adams et al. (1997);
Hunt et al. (2004), particle production in inflationary era
Chung et al. (2000); Barnaby et al. (2009), supersymmet-
ric inflation model Randall et al. (1996), effect of super
Planck scale physics Martin et al. (2001), primordial non-
Gaussianity Bartolo et al. (2004); Chen (2010) and etc.
We use the non-Markov extension of the Excursion
set theory (EST) Bond et al. (1991); Zentner (2007);
Nikakhtar & Baghram (2017) to calculate number density of
dark matter halos in small scales. The non-Markov extension
of EST is developed to count number density of dark mat-
ter halos with more precision in small scales Nikakhtar et al.
(2018). The structure of this work is as follow: In Sec. (2),
we introduce the TBTF problem and review the idea of the
EST with its recent developments in calculating the number
density of dark matter halos. Furthermore, we study the con-
nection of late time observables to early Universe physics. In
Sec.(3), we review the non-Markov extension of EST, which
is an important theoretical ingredient for dark matter halo
counts. In Sec.(4), we study the effect of deviations in pri-
mordial power spectrum on number density, mass fraction in
late time and propose our main results. In Sec.(5), we have
the conclusion and future remarks.
We set the cosmological parameters due to Planck results
Ade et al. (2016): present time matter density parameter
Ωm = 0.319, the Hubble parameter H0 = 67.74km/s/Mpc,
the spectral index of primordial curvature power spectrum
ns = 0.967, the amplitude of the initial scalar curvature
power spectrum ln(1010As) = 3.04.
2 THEORETICAL BACKGROUND:
GALACTIC SCALE CHALLENGES AND
STRUCTURE FORMATION FROM EARLY
TO LATE TIMES
In this section, we discuss the theoretical backgrounds for
this work. In first subsection, we briefly go through the galac-
tic scale challenges of CDM, specially the TBTF problem.
In second subsection, we introduce the EST and the rela-
tion between initial condition and late time power spectrum
of the matter. In third subsection we study the non-linear
matter power spectrum.
2.1 Missing satellite and TBTF problem
The standard CDM paradigm predicts that the dark matter
halos must be present in all scales up to the kinetic de-
coupling mass scale Profumo et al. (2006), accordingly in
the mass range of ∼ 107M⊙ we anticipate to have thou-
sands of satellites. However, the observed dwarf galaxies
are in order of ∼ 50. Despite the missing satellite problem
which has many proposed baryonic solutions Brooks et al.
(2013), there is a more severe problem. In a series of nom-
inal works by Boylan-Kolchin et al. Boylan-Kolchin et al.
(2011) (see more references in Boylan-Kolchin et al. (2017)
), they showed that the population of the Milky way’s bright-
est dwarf Spheroidal (dSph) galaxies do not match the pre-
diction of CDM based simulations. The classic dwarf galax-
ies which are mainly dark matter dominated have the most
luminous stellar distribution and velocities. With respect
to the N-body simulations, we anticipate that the classic
dSph should populate the most massive dark matter sub-
halos. But in contrary to what we expect, the observa-
tions show low circular velocities. More precisely, simulations
predict ∼ O(10) sub-halos with maximum circular velocity
Vc(max) > 30 km/s, where the bright Milky Way dSphs have
MNRAS 000, 1–8 (2019)
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Figure 1. The linear matter power spectrum is plotted versus the
wavenumber. The grey regions show the span of the wavenumbers
of Ly-α observations, TBTF problem and missing satellite one.
In the inset figure, we show the primordial curvature dimension-
less power spectrum versus wavenumber. The modified Gaussian
bump-like power is shown with dotted line.
stellar velocities corresponding to the sub-halos with less ve-
locity (e.g. 12km/s < Vc(max) < 25 km/s). It is exciting that
we notice the same problem in satellites of our neighbor
galaxy Andromeda Tollerud et al. (2014). Now the question
is how it comes that the most massive sub-halos fail to have
baryonic counterparts. Due to their deep potential wells, it
comes almost unlikely that baryonic feedbacks can prevent
the gas accretion and suppress the galaxy formation. Hence,
these substructures are too big to fail to form stars! This is
the reason that we called the problem TBTF.
An interesting point is that the TBTF problem is ob-
served in the field dwarf galaxies Papastergis et al. (2015).
This is important because all the mechanism of baryon ex-
traction from a dwarf galaxy via tidal interactions are not
applicable in field galaxies. The root of these challenges is
that we assume that the dark matter halos must exist in
all the mass ranges we discussed. The main proposal of this
work is related to this point. We anticipate a modified initial
condition can change the distribution of dark matter halos
in a sense that it reconciles the galactic scale problems in
CDM.
2.2 Large scale structure: from matter power
spectrum to number density of dark matter
halos
The idea of Press and Schechter (PS) Press & Schechter
(1974) is to relate the number density of dark matter halos in
non-linear regime to the linear matter power spectrum. The
PS idea is reexpressed in a new perspective under the frame-
work of Excursion Set Theory (EST) Bond et al. (1991). In
EST a two dimensional space of density contrast versus the
smoothing scale (the variance correspondingly) is used to
find the number density of structures via the process of bar-
rier crossing. The barrier in density contrast δc ≃ 1.69 is the
linear mapping of spherical collapse density to the present
time. Accordingly, the number density of dark matter halos
n(M) in the mass range of M and M + dM is as below
n(M)dM = ρm
M
fFU (S)| dS
dM
|dM, (1)
where ρm is the matter density of the Universe. S is the vari-
ance of perturbations in linear scale and fFU is the fraction
of trajectories which they have their first up-cross in the
variance range of S and S+dS. The variance in redshift z = 0
is related to linear regime matter power spectrum as
S = σ2(R) = 1
2π2
∫
dkk2Pm(k, z = 0)W˜2(k; R), (2)
where Pm(k, z = 0) = |δm(k, z = 0)|2 is the linear matter power
spectrum in present time (δ(k, z) is the matter density con-
trast in Fourier space), W˜(k; R) is the Fourier transform of
the smoothing function with radius R in real space. In Fig-
ure (1), we plot the curvature and matter power spectrum
versus the wavenumber. Moreover, we show the deviation in
initial condition (I.C.) in the inset figure. As it is empha-
sized in the introduction, the main idea of this work is to
modify the initial condition, where we can address the galac-
tic scale problems. We should note that in the wavenumbers
of k < 0.2h/Mpc the linear matter power spectrum is intro-
duced by the Poisson equation and evolution of potentials in
the cosmological background. The grey regions labeled with
Lyman-α (Ly-α) is related to the non-linear matter power
spectrum, which is well constraints with the Ly-α absorbtion
line power spectrum. The smaller scales correspond to the
galactic scales mass ranges and scales where the TBTF and
missing satellite problem emerged. These scales are not con-
strained by cosmological observations. Accordingly there is
a room for probing the modified powers in this regime. The
modified initial condition can change the power spectrum, a
schematic graph is shown with dotted lines. In Section 4 we
discuss the modification in more detail.
Bond et al. (1991) show by choosing a k-space sharp filter,
the walks in the 2D plane of linear density contrast-variance
will execute a Markov random walk. In this case, the first
up-crossing fraction is determined analytically by absorbing
barrier solutions as
fFU (S, δc(z)dS =
1√
2π
δc(z)
S3/2
exp[− δ
2
c(z)
2S
]dS, (3)
where the redshift dependence comes from the linear barrier
(i.e. δc(z) = δcD(z = 0)/D(z), where D(z) is the growth func-
tion). In the upper panel of Figure (2), we plot the Markov
trajectories of linear density versus variance. It is obvious in
the plot that the trajectories are very jagged. The k-space
sharp filter is not a physical choice for the smoothing scale.
In Section 3, we discuss the non-Markov version of EST to
choose a more realistic smoothing function.
In the context of EST, we can also calculate the merger his-
tory of dark matter halos. For this task, the distribution of
dark matter progenitors can be find by counting multiple up-
crossings. In the Markov case, which is an obvious extension
of the first up-crossing distribution we have
fFU (S1, δ1 |S2, δ2) =
1√
2π
δ1 − δ2
(S1 − S2)3/2
exp[−(δ1 − δ2)
2
2(S1 − S2)
], (4)
where S1 is related to a mass M1 which is merged to a
halo with larger mass M2 corresponding to the variance
S2. The smaller(larger) halo is observed in redshift z1(z2).
MNRAS 000, 1–8 (2019)
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The redshift dependence is encapsulated in the barriers via
the growth function. The smaller (larger) halo has a bar-
rier δ1 = δc/D(z1) (δ2 = δc/D(z2) ). Note that the condi-
tional number density of structures in the mass range of
M1 and M1 + dM1 can be found by n(M1, t1 |M2, t2)dM1 =
(M2/M1) × fFU (S1, δ1 |S2, δ2) × |dS1/dM1 |dM1. In the next sec-
tion, we describe that how we can find this conditional prob-
abilities in non-Markov case.
Now we have to relate the late time matter power spectrum
to the initial curvature perturbation power spectrum via the
Poisson equation k2Φ(k, z) = 4πGρm(z)(1 + z)−2δm(k, z) and
the evolution of the gravitational potential Φ(k, z) in the dif-
ferent epochs of cosmology. Accordingly the density contrast
can be written as
δ(k, z) = 2
3
k2Φ(k, z)/(1 + z)
ΩmH
2
0
. (5)
Now the gravitational potential can be related to the ini-
tial value of potential as Φ(k, z) = 9
10
T(k)D(z)(1 + z)Φini ,
where T(k) is the transfer function, (we use the Eisenstein-
Hu transfer function Eisenstein & Hu (1998)) and Φini is
the initial value of potential related to the curvature per-
turbation Rk as Φini = 23Rk . The curvature perturbation in
the standard model of cosmology with nearly scale invariant
initial conditions is parameterized as
PR (k) =
1
2π2
k3PR (k) = As(
k
kp
)ns−1, (6)
where As is the amplitude of primordial power, ns is the
spectral index of perturbations and kp = 0.002Mpc
−1 is the
pivot wavenumber. Summing all this evolution, we can write
the linear power spectrum as below
Pm(k, z) = AlT2(k)D2(z)kns , (7)
where Al is the amplitude of the linear power spectrum re-
lated to the initial amplitude Al = (8π2/25)k1−nsp Ω−2m H−40 As.
So any deviation from the standard initial power spectrum
of curvature is transferred to the matter power spectrum.
This is an approximation, assuming that the modified ini-
tial condition does not change the evolution of gravitational
potential in the course of cosmic expansion and the transfer
function remained the same.
2.3 Non linear matter power spectrum
The non-linear evolution of the perturbation enhance the
matter power spectrum in small scales, this enhancement is
in agreement with the observational data, such as matter
power spectrum in small scales. The non-linear power spec-
trum can be modeled by halo model of dark matter struc-
tures Cooray & Sheth (2002). The power spectrum in small
scales can be decomposed into two halo P2h(k) and one halo
P1h(k) terms as
P(k) = P1h(k) + P2h(k), (8)
where the one and two halo terms are defined as below re-
spectively,
P1h(k) =
∫
dmn(m)(m
ρ¯
)2 |u(k |m)|2, (9)
Figure 2. The trajectories of linear density contrast versus vari-
ance is plotted for two cases of Markov and non-Markov walks.
The non-Markov trajectories are produced by Cholesky method
and with the linear matter power spectrum of the standard model
of cosmology.
P2h(k) =
∫
dm1n(m1)(
m1
ρ¯
)u(k |m1) (10)
×
∫
dm2n(m2)(
m2
ρ¯
)u(k |m2)Phh(k |m1, m2),
where n(m) is the number density of dark matter halos
with mass m discussed in previous section and u(k |m) is the
Fourier transform of dark matter distribution in a halo de-
fined as
u(k |m) =
∫ rvir
0
dr4πr2
sin kr
kr
ρ(r |m)
m
. (11)
We use the Navarro-Frenk-White (NFW) profile for dark
matter halos Navarro et al. (1997). The Phh(k |m1,m2) is the
halo-halo power spectrum which is related to the linear scale
matter power as below:
Phh(k |m1,m2) ≃ b1(m1)b2(m2)Pm(k), (12)
where b1(2) are the dark matter halo bias which has a
mass dependency m1(2) appeared in equation 8. The halos
bias is discussed vastly in literature Mo & White (1996);
Sheth & Tormen (1999); Tinker et al. (2010). We assume a
simple bias obtained from EST and peak-background split-
ting as b(m, z) = 1 + (ν2(z) − 1)/δc(z), where ν ≡ δc(z)/S1/2 is
the height parameter Mo & White (1996).
3 NON-MARKOV EXTENSION OF EST
The idea of using the initial box in the early universe, where
the perturbations are linear and Gaussian, introduce a very
interesting arena to study the relation of the number den-
sity of non-linear objects and the physics of initial condi-
tions. However the original solutions proposed by Bond et
al. Bond et al. (1991) assumes a specific window function,
known as the k-space sharp filter which results to an ana-
lytical solution for the mass profile of dark matter halo. The
more realistic smoothing functions (i.e. Gaussian or top-hat
in real space), make the correlated trajectories in the EST
plane. It means that the walks have memory and they will
MNRAS 000, 1–8 (2019)
Modified initial power and TBTF 5
be a non-Markov process. To solve the first up-crossing (FU)
problem in 2D plane of the EST and to avoid the cloud in
cloud problem, many proposals have been discussed in the
literature(see the introduction of Nikakhtar et al. (2018)).
A very sophisticated idea is to use the up-crossing ap-
proximation instead of the FU for large dark matter ha-
los Musso & Sheth (2012); Musso & Sheth (2014). How-
ever, this approximation breaks down in small mass ranges.
In Nikakhtar et al. Nikakhtar et al. (2018), beside the an-
alytical approximations known as Hertz and Stratonovich
approximations, a numerical exact method known as the
Cholesky decomposition have been introduced to make the
trajectories. For this method, we assume that δR(x) is the
linearly evolved density contrast in position x with a smooth-
ing scale R. In ΛCDM the smoothing scale is a monotonic
function of variance S introduced in equation (2).And also
for each position in the Universe, one can find the corre-
sponding trajectory. The Cholesky method is a numerical
framework to make the trajectories with the correct en-
semble (statistical) properties. The statistical properties of
walks depends on the correlation between the steps and the
nature of smoothing function. In order to quantify this de-
pendency we introduce the correlation of the heights of the
walks in two different scale as
〈δiδj 〉 ≡ Cij =
∫
dk
k
k3P(k)
2π2
W˜(kRi)W˜(kRj ), (13)
where Pm(k) is the linear matter power spectrum and
W˜(kRi)[W˜(kRj )] is the window function in the smoothing
scale Ri[Rj ] respectively. Note that Cii = Si is the variance of
δR when the smoothing scale is Ri. In the Cholesky method,
the height of the walk in a step n defined as
δn = 〈δn |δn−1, ..., δ1〉 + σn |n−1,...,1ξn, (14)
where by the first term we mean that the height in nth
step is a linear function of the previous walks and second
term depends only to the scales of smoothing window (or
the corresponding variance S1, ..., Sn). The ξn is zero mean
unit variance Gaussian random number (with the ensem-
ble property of 〈ξnξm = δnm〉). The distribution of den-
sity contrast is a multivariate Gaussian. In the case, if the
smoothing window function is a k-space sharp filter, then
C(S, S′) = min(S, S′), which recovers the Markov walks and
the original EST formulation is applicable. However, if we
use more physically meaningful window function like real
space top hat W˜(x) = 3 j1(x)x or the Gaussian window func-
tion W˜(x) = exp[−x2/2] (note that x = kR) , we will come
up with a non-Markov more smoother walks. In Figure (2)
lower panel, we plot the ensemble of trajectories for standard
model of cosmology with a ”Gaussian”window function. This
is the first ever obtained plot of trajectories for a ΛCDM
cosmology with the EH transfer function Eisenstein & Hu
(1998). For the future reference, also the ensemble of trajec-
tories for further investigation with modified initial condi-
tions is obtained. In the plane of the trajectories, there is a
barrier δc which is related to the collapse model in non-linear
regime, which could be a scale dependent quantity as well
Sheth & Tormen (2002). In this work we assume a constant
barrier δc, which is an approximation in order to give the
general view of how modified initial condition can change the
distribution of the matter in late time. We should note that
the generation of the exact trajectories is very important in
small scales. This is because in EST approach the first up-
crossing of trajectories from a specified barrier is related to
the non-linear object with the mass M which itself is related
to the smoothing scale R (interchangeably the variance S).
Accordingly, the more precise method is essential for num-
ber count problem for low mass dark matter halos.
Coming back to the Cholesky method, in order to produce
the trajectories, we note that covariance matrix Cij is a real,
symmetric and positive definite. Accordingly this matrix can
be decomposed in a unique way C = LLT , in which L is a
lower triangular matrix. Now we can use the L to generate
the ensemble of trajectories. The density contrast in scale
Ri is obtained as
δi =
∑
j
Lij ξj, (15)
where ξj is random number with Gaussian distribution. In
this case, δi will have the correct correlation between heights
which is given by
〈δiδj 〉 =
∑
m,n
LimLjn〈ξmξn〉 = LLT = C. (16)
The procedure of Cholesky decomposition is described in ap-
pendix A of Nikakhtar et al. (2018). It is interesting to note
that by making the trajectories with a given matter power
spectrum and smoothing scale, we can find the conditional
mass function (equation 4), by just counting the multiple
up-crossing in different scales and barriers. Now in the next
section, we introduce the modified initial condition and we
will discuss our results.
4 RESULTS: MODIFIED INITIAL CONDITION
AND NON-LINEAR STRUCTURE
FORMATION
In this section, in order to solve the TBTF and missing
satellite problem we introduce a toy model. The model is
a modification in the initial matter power spectrum to ex-
amine the effect of initial conditions on the late time ob-
servables. The power excess in initial condition could be a
generic feature of inflationary models. For example, axion
monodromy models naturally introduce a bump-like feature
in power spectrum which is analyzed by Planck collabora-
tion as well Akrami et al. (2018). ( For models with the
idea of modified initial power spectrum see Salopek et al.
(1989); Starobinsky et al. (1992); Adams et al. (1997);
Hunt et al. (2004); Chung et al. (2000); Barnaby et al.
(2009); Randall et al. (1996); Martin et al. (2001)).
The modification to initial power spectrum is defined as
PR(k) = P¯R (k) + PbumpR (k), (17)
where PbumpR (k), is Gaussian function which is parameter-
ized as
PbumpR (k) =
Ab√
2πσb
exp[−(k − k∗)2/2σ2b], (18)
where Ab is the amplitude of Gaussian modification, the k∗
is the specific wavenumber which the bump is applied and
σb is variance of the bump. This modification introduces
a deviation in primordial matter power spectrum which
is plotted in Figure (1), with Ab = 2000, k∗ = 2.72h/Mpc
MNRAS 000, 1–8 (2019)
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(related to mass scale of M∗ = 1011M⊙ )and σb = 0.25.
(Note: This specific numbers are chosen to decrease the
number of dark matter halos in the TBTF scale and also
be consistent with non-liner power spectrum constraints).
A simple intuition is that the excess in matter power
spectrum increase the number density of dark matter ha-
los. However, the hierarchical structure formation is more
complicated. The specific mass scale M∗ which is related
to specific wavenumber k∗ remains almost unchanged. The
dark matter halos smaller than the specific mass (M < M∗)
suppressed by the process of merging to the larger dark mat-
ter halos M > M∗. This process, give us the opportunity to
solve the TBTF problem by this proposal:
The modified initial power spectrum by an excess in a spe-
cific scale (i.e. k∗ ≃ 2.72h/Mpc), which is much catchable in
inflationary models than the suppression in power, decrease
the dark matter halo number in the scales M < M∗ = 1011M⊙,
which brings up a new idea for the deficit of dark matter ha-
los in galactic scales.
We should note that this idea does not use the baryonic
physics to address the TBTF problem, instead we assert
that the solution to this problem is due to deficit of the num-
ber density of dark matter halos in larger mass range which
host the most luminous satellites of the main halo. How-
ever, we should be cautious that this modification causes
an increase in dark matter halos in larger masses mildly
larger than M ≥ 1011M⊙ and this means that we have to
be consistent with the observations in non-linear scale. In
Figure (3), we plot the number density of dark matter ha-
los versus mass. In this figure we have the standard Markov
prediction of ΛCDM. We also plot the number density of
dark matter halos in the non-Markov extension of EST via
the Cholesky method which is discussed in previous section.
(we assume the constant barrier). For a future work a more
realistic collapse model must be studied). In Figure (3) the
number density of the dark matter halos is plotted with
modified initial condition. In the lower panel of Figure (3),
we plot the mentioned ratio of the number density with re-
spect to the standard Markov case. The figure shows the
excess in the power amplitude in scales of k∗ ≃ 2.72h/Mpc
(M∗ ≃ 1011M⊙) causes an increase to excess in the mildly
larger range (M > M∗) and also a decrease in the mass range
of M < 1011M⊙ . This decrease in the number density of dark
matter halos can naturally solve the TBTF problem and re-
lax the tension in missing satellite problem. As discussed in
the introduction the TBTF problem is also present in the
field galaxies. This means that the tidal stripping mecha-
nism which are introduced in galactic halos for solving this
problem is not applicable to the field galaxies. However our
proposal of modified initial condition is almost independent
of the galaxies environment.
Another way to look at this proposal is via the conditional
mass function. In Figure(4), we plot the distribution of dark
matter halo progenitors for a host halo with the mass of
Milky way. The dark matter halo with the mass of 1012M⊙
(Milky Way mass) is considered in present time (z = 0) and
the distribution of dark matter sub-halos is plotted in z = 1.
We see an excess over the mass scale M > 1011M⊙ and a
decrease in number of the smaller dark matter halos. In this
procedure, we us an approximation where the small scale
dark matter halos merge more effectively to form larger ha-
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Figure 3. Upper panel: the number density of dark matter halos
for the Markov and non-Markov cases of standard and modified
I.C. models are plotted. lower panel: ratio of mentioned number
density with respect to the standard Markov number density is
plotted.
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Figure 4. The conditional mass function of dark matter sub-
halos in z = 1 which must be hosted by a milky way like dark
matter halo.
los. In other words, the larger merger rate for smaller halos
causes to a deficiency in smaller dark matter halos and an
excess for larger ones.
Now an important issue which we should emphasis is
that the non-linear power spectrum is well constrained by
Ly-α observations. Accordingly the modification in the ini-
tial condition must not be in contradiction with the small
scale non-linear power spectrum. In Figure(5), we plot the
halo-model nonlinear matter power spectrum, for the non-
Markov and the modified case. In this figure, we show rela-
tive 2σ error bars of the Ly-α Zaroubi et al. (2006) on the
arbitrary chosen amplitude of the non-linear non-Markov
power spectrum is consistent with our modified initial condi-
tions. It should be noted that the normalized error bar with
respect to power spectrum is used because the absolute value
of the Ly-α is obtained from direct inversion method by ap-
plying the redshift space distortion and non-linear effects,
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non-Markov case versus the wavenumber based on the halo model
of dark matter. The lower panel is the zoomed in part of the non-
linear power spectrum.
which is not considered in this work. Finally summing up
this section; the modified initial condition can be considered
as promising candidate to solve the galactic scale problems
of CDM paradigm, specially by relaxing the TBTF tension.
In the last section, we will conclude and sketch the future
prospects of this work.
5 CONCLUSION AND FUTURE REMARKS
The standard model of cosmology based on the cosmological
constant and cold dark matter paradigm explains almost
all the observational data from CMB to LSS. However,
there are couple of tensions for the standard model which
may point to a new modified model beyond the standard
one. A category of these tensions is related to the galactic
scale challenges of CDM. Such as TBTF problem, missing
satellite and core-cusp problem. These challenges may
indicate to a new modified initial condition or to a modified
CDM model. On the other hand the CMB and LSS obser-
vations constrain the initial power spectrum up to ∼ 1Mpc,
accordingly a fundamental question can be raised; does
the scale invariant power spectrum predicted by standard
picture work to smaller scales or not?
In this work, we suggest a new idea to overcome the above
mentioned problems. We show that a simple deviation from
standard inflationary paradigm (i.e. deviation from scale
invariant prediction of primordial perturbations) can be
used as an alternative to the deviation from collisionless
dark matter paradigm. The Gaussian bump-like excess in
initial power spectrum which can be considered as a natural
outcome of inflationary models (many early universe models
have an excess power in small scales, see the references in
introduction) is proposed as a solution to this problem. This
modification change the number density distribution of dark
matter halos in a nontrivial manner at the specific scale
k∗ ≃ 3h/Mpc where the modification in power spectrum is
applied (related to M∗ ≃ 1011M⊙). We have a decrease in
M < M∗ and increase M > M∗. TBTF problem is related to
the dark matter halos of mass M < 1011M⊙ . We show that
this scale is related to k∗. The solution to TBTF problem
is considered to be the deficit of dark matter sub-halos due
to this modification in initial power.
In this work we use the non-Markov extension of
the Excursion set theory via Cholesky method to study
the modification. The non-Markov extension is necessary
to use more realistic smoothing functions. We plot the
number density distribution of dark matter halos using
the standard ΛCDM model (and modified I. C. model) via
cholesky non-Markov EST framework. We also show that
our modification to initial power spectrum is consistent with
the non-linear power spectrum, which is well constrained
by Ly-α data. We should note that the complexity of
baryonic physics, the problem of the abundance matching
(the relation connection between halo mass and stellar
mass) has also a great importance. More sophisticated
hydrodynamical simulations is needed to address these
questions. However, semi analytical models which studied
the deviations from the standard picture can be used as
strong proposal for beyond standard model simulations.
We should note that our proposed method has a prediction
as well the number density of Milky way type galaxies
must be larger than the standard case. In future works, we
should consider some improvements. First a more realistic
modification to the initial power spectrum emerged from
viable inflationary models, second we should take into
account a more realistic collapse model which leads to
a moving barrier in EST context and third we have to
consider a more realistic halo bias term. As a final word,
the future observations like large synoptic survey telescope
(LSST), will probe the field galaxies beyond the Milky way
and Andromeda. These new data samples will shed light on
the missing satellite and TBTF problems.
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